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Abstract. We study gravitational redshift of photons and neutrinos radiated by the brane- 
world neutron or quark stars that are considered in the framework of the simple model of 
the internal spacetime with uniform distribution of energy density, and the external space- 
time described by the Reissner-Nordstrom geometry characterized by the braneworld "tidal" 
charge b. For negative tidal charges, the external spacetime is of the black-hole type, while for 
positive tidal charges, the external spacetime can be of both black-hole and naked-singularity 
type. We consider also extremely compact stars allowing existence of trapped null geodesies 
in their interior. We assume radiation of photons from the surface at radius R, neutrinos 
from the whole compact star interior, and their motion along radial null geodesies of the 
spacetime. In dependency on the compact stars parameters b and R, the photon surface 
redshift is related to the range of the neutrino internal redshift and the signatures of the 
tidal charge and possible existence of extremely compact stars are discussed. When both 
surface (photon) and internal (neutrino) redshift are given by observations, both compact 
star parameters R and b can be determined in the framework of our simple model. 
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1 Introduction 

In the braneworld models, the observable universe is a 3-brane (domain wall) to which the 
matter fields are confined, while the gravity field enters the extra spatial dimensions of size 
that could strongly exceed the Planck length scale [1]. Gravity can be localized near the brane 
at low energies even with an infinite size extra dimension with warped spacetime satisfying 
the 5D Einstein equations containing negative cosmological constant [2] and an arbitrary 
energy- momentum tensor allowed on the brane [3]. The Randall-Sundrum model gives 4D 
Einstein gravity in low energies, while significant deviations from the Einstein gravity occur 
at very high energies, in the early universe and in vicinity of compact objects as black holes 
and neutron stars [4]. 

Although no exact solution of the full 5D Einstein equations is know recently, there is 
a variety of astrophysically plausible special solutions of the 4D effective Einstein equations 
constrained to the brane. Such solutions describe black holes with spherical symmetry [5] 
and axial symmetry [6], or compact objects that could represent neutron (quark) stars [7], 
but there is no guarantee that these solutions have a regular bulk spacetime. The black hole 
spacetimes are determined by geometry of the spherical Reissner- Nordstrom (RN) and axial 
Kerr-Newman (KN) type where the electric charge squared is substituted by the braneworld 
"tidal charge" parameter representing the tidal (Weyl tensor) effects of the bulk space onto 
the 4D black hole structure. Astrophysically relevant properties of the braneworld black 
holes were studied in a series of papers devoted to both motion of matter in their vicinity 
[8-12] and optical phenomena [13-16]. 

In the Randall-Sundrum model, full 5D bulk spacetime solutions for relativistic compact 
stars and black holes have to be inevitably solved by numerical methods by properly imposing 
regularity conditions in the bulk. For uniform energy density stars such a solution was 
obtained and discussed by Wiseman, who demonstrated possible existence of very compact 
stars [17]. Using the numerical methods developed in [17, 18], some 5D black hole solutions 



- 1 - 



were constructed for limited radii [19, 20]. Very recently, a black hole 5D solution localized 
to a brane has been numerically constructed and existence of dynamically stable black holes 
was demonstrated for all radii [21]. Here, we restrict our attention to the solution of the 
effective Einstein equations that can be given in a simple, analytic form. 

In the simple model of spherically symmetric stars with uniform energy density profile a 
variety of special solutions having asymptotically Schwarzschildian character and satisfying 
the braneworld boundary conditions were found for the effective Einstein equations [7]. The 
most popular is the one with external spacetime described by the Reissner-Nordstrom geom- 
etry with the braneworld tidal charge parameter b reflecting the tidal effects of the bulk and 
related to the energy density and brane tension. Usually, the braneworld tension is assumed 
positive while the related tidal charge has to be negative [7], but the negative tension and 
related positive tidal charge are not excluded [5] , so we consider here both positive and nega- 
tive tidal charge of the compact object. Notice that in such a case, the exterior of a neutron 
star with positive charge can be described by both black-hole and naked-singularity types of 
the external RN spacetime (for details see [22]). In the later case, it should be stressed that 
there is no naked singularity in the solution as this part of the solution is replaced by a star. 
Properties of the compact stars with RN external geometry were extensively studied both in 
the weak field limit [23, 24] and strong field limit when some restrictions on the brane tension 
were implied from the data of kHz quasiperiodic oscillations (QPOs) observed in low mass 
X-ray binary systems containing a neutron (quark) star [22] or for trapping of neutrinos in 
extremely compact stars allowing for existence of trapped null geodesies [25]. 

Here we focus to the tidal charge influence on the redshift of photons radiated from 
the compact star surface and neutrinos radiated from the whole compact star interior. For 
simplicity, we assume the photon and neutrino motion along radial null geodesies that are 
usually considered in estimating the parameters of neutron (quark) stars [26]. The neutron 
star is considered in the framework of the simple model with external spacetime described 
by the RN geometry — then our results can be compared to a wide variety of recent studies 
related to this kind of the braneworld solutions. We also consider Extremely Compact Stars 
(ECS) containing trapped null geodesies [27-30]. For negative tidal charges, their external 
spacetime is of the black-hole type with one unstable photon circular orbit and the ECS 
surface at radius R has to be located under the photon circular orbit. For positive tidal 
charges, their external spacetime can be of both black-hole (with an unstable photon circular 
orbit) and naked-singularity type when two photon circular orbits (stable and unstable) 
can exist, or none such orbit exists. In the case of positive tidal charges, the ECS can 
exist with surface radius R located both under and above the unstable photon circular orbit 
(which is located above the stable photon circular orbit in the naked-singularity type external 
spacetimes) and can exist even with external naked-singularity spacetimes allowing none 
photon circular orbit [25] 

Our paper is organized as follows. In Section 2, we summarize properties and matching 
conditions of the internal uniform energy density spacetime and the Reissner-Nordstrom 
external spacetime. Null geodesies of both the internal and external spacetime are described 
in terms of properly given effective potential and the ECS are classified according to the 
properties of the trapping region of the null geodesies. In Section 3, the surface redshift 
and the redshift profile through the internal spacetime are determined under assumption of 
purely radial motion, and their properties are discussed, especially with respect to the ECS 
and photon circular orbits of the external spacetime. In Section 4, observational characteristic 
of the redshift profiles are introduced and possibilities to determine the surface radius and 
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tidal charge are discussed. Finally, concluding remarks are presented. Throughout the paper, 
we shall use the high-energy units with h = c = k-g = 1, if not stated otherwise. 



2 Braneworld neutron stars 

We consider the braneworld model of neutron stars with spherical symmetry and uniform 
distribution of the energy density in their interior. The external spacetime is given by the 
Reissner-Nordstrom geometry with the braneworld tidal charge representing the influence of 
the tidal effects of the bulk space [5]. 

2.1 Internal and external spacetime and matching conditions 

In the standard Schwarzschild coordinates and the high-energy units, the line element of the 
spherically symmetric spacetimes reads 

ds 2 = -A 2 {r)dt 2 + B 2 (r)dr 2 + r 2 dQ. (2.1) 

The internal solution, matched to the external geometry at the surface of the star r = R, 
is characterized by the uniform energy density distribution — g = const, and by the tension 
of the brane — A. We assume g > and both possibilities A > 0, A < for the brane tension, 
although the positive value is more realistic [5] . The line element of the internal geometry is 
given by the metric coefficients A~(r), B~(r) that are determined by [7] 

A-{r)= t A( f } w , (2.2) 



with the pressure radial profile given by 

p(r) _ [A(r)-A(22)](l + f) 



g 3A(i?) - A(r) + [3A(i?) - 2A(r)] (f ) 

and 

^ 2 = Jm 



1 2GM/r\3/ e 

1 - — {r) ( 1 + Tx 



(2.3) 



(2.4) 



where M = ^-irgR 3 . The maximum of the pressure profile is at r = 0, while there is p(r) / g = 
at r = R. 

The reality condition on the metric coefficient B~ (r) (taken at r = R) implies a relation 
between A, g and R that can be expressed in the form 

GM > i. (2.5) 
R - 2GM ~ A V ; 

Considering the restriction R > 2GM (R < 2GM), we can see that the reality condition (2.5) 
is satisfied for all A < (forbidden for all A > 0), while for positive tension A > (negative 
tension A < 0), we obtain a limit on the positive (negative) tension given by [7] 

, ( R - 2GM\ . , 

A H^H e - <2 - 6) 

The line element of the external geometry is given by the metric coefficients A + (r), 
B + (r) that are determined by 

(^(r)) 2 =(^(r))- 2 = l-^ + ^, (2.7) 
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where, due to the matching conditions on the neutron star surface, i.e., A~(R) = A + (R), 
B~(R) = B + (R), the external mass parameter A4 and external tidal charge parameter q are 
related to the internal geometry parameters by g, A (and M, R) by the relations [7] 



-3GMR- 



X 



M = M 1 



(2.« 
(2i 



For A > 0, the tidal charge q < and M. < M, while for A < 0, there is q > and M. > M. 
Notice that for A > 0, the condition g < A has to be satisfied in order to have M. > 0. 

For our purposes, it is convenient to express the internal spacetime using the parameters 
of the external spacetime that can be directly determined from observations of accretion and 
optical phenomena in vicinity of the neutron (quark) stars. Since the matching conditions 
imply the relations 

SGMRg 3GMR 

(2.10) 



A 



A 
Q 



1 



3GMR 



(2.11) 



the internal metric can be expressed in terms of the gravitational radius r g and dimensionless 
braneworld tidal charge 6 



GM, 



(2.12) 



in the form 



A' 



3A(R) [A{R) (2b - 3R/r g ) + A(r) (R/r g - b)} 



2A(R) (26 - 3R/r g ) - A(r) 



(B-{r)f = A~ 2 (r) 



A\R) = 1 



r 



2^ + 6 
R 



In the following, we shall use the dimensionless units (r g 



reads 



P 



(r,R,b) 



(A(r) - A(R)) {2b - 3R) 



(2.13) 

(2.14) 
(2.15) 

Then pressure function 
(2.16) 



q ' ' 3A{R) (2b - 3R) - 3A(r) (b - R) ' 
The pressure increases monotonously with radius decreasing and its central value is given by 

3R- 2b 



P 



0,R, b) 



3R ( ^b + (R - 2)R + R - 3 ) +66 



(2.17) 



2.2 Limits on existence of uniform density stars 



The limit on the existence of the uniform density spherical configuration is related to com- 
pactness of the star and is given by the condition of pressure finiteness in the center. The 
limit on compactness of the star expressed in terms of the gravitational mass related to the 
internal spacetime reads [7] 



GM 4 

< - 

R ~ 9 



1 + 



5 y 
4 A 



(2.18) 
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Figure 1. Classification of the compact stars. For the extremely compact stars (ECS), the parameter 
space (b — R) is separated into four Zones I— IV; their properties are given in the text. 



In terms of the external gravitational mass parameter M, the compactness limit (2.18) is 
transformed to the form 



GM 4 
~ 9 



1 + 



5f 
4 X/ 



1 



!) 



(2.19) 



The reality condition of the central pressure reads 6 + (R — 2)R > being equivalent to 
the condition A(i?) 6 M. The pressure in the center of the star must be finite and positive 
implying the limits -R m in(6) on the existence of uniform density stars. The central pressure 
p(r = 0, R, b) diverges when the surface radius R satisfies the condition 



3R {^Jb + {R-2)R + R - 3^ + 66 = 



(2.20) 



that leads to a cubic equation relative to R giving one solution that is relevant for b < 1 and 
reads 



R 




(6-9)(6-l) 



+ 



8y/(b- l) 2 b 3 + b [b(b + 17) - 45] + 27 

+ \JsV(b- W& + b[b(b+ 17) -45] + 27 + 6 + 3^ . (2.21) 

The solution is depicted on Figure 1 as the part of R m m(b) denoted by p — > oo. For 6 = 0, 
we arrive at the standard condition R > | (see [30]). For 6 > 1 the relevant limit is given by 
the condition of positiveness of the central pressure. It reads 



-Rmin(6) 



(2.22) 
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and is denoted by p — > 0. For smaller R the central pressure is not positive. 

Note that for 3/4 < b < 1 there is a region of surface radii given by the condition 
26/3 < R < 1 — v 1 — b where p(r = 0) is positive. However, the star surface is located 
under the inner horizon of the external spacetime that belongs to the black-hole type RN 
spacetimes. Such a configuration has to be hidden under the inner horizon of the external 
RN spacetime and is irrelevant for our considerations. 

2.3 Extremely compact stars 

The extremely compact stars (neutron, quark, or hybrid) are defined as compact stars allow- 
ing for existence of trapped null geodesies in their interior [25, 30]. In the case of internal 
uniform density Schwarzschild spacetimes (6 = 0), such objects appear just when the surface 
of the compact star is located under the photon circular geodesic of the external vacuum 
Schwarzschild spacetime located at r p h = 3r g [30]. In the braneworld uniform density com- 
pact stars this simple rule does not hold and the situation is more complex due to different 
character of the external spacetime and its relation to the internal spacetime caused by the 
bulk space tidal effect on the matching of the spacetimes reflected by a non-standard way 
of the relations of the effective potential of the null geodesies in the internal and external 
spacetimes of extreme compact stars [25]. 

The motion along null-geodesics is independent of energy (frequency) and can conve- 
niently be described in terms of the impact parameter 

(2-23) 

where E and L are the constants of motion related to the Killing vector fields of the inter- 
nal and external spacetimes. The relevant equation governing the radial motion along null 
geodesies takes the form [30] 

{ff = A-\r)B' 2 (r)E 2 (l - A 2 (r)^) . (2.24) 



The energy E is irrelevant and can be used for rescalling of the affine parameter A. The radial 
motion is restricted by an effective potential related to the impact parameter £, defined by 
the relations ^ 

* 2 <V cS =\ ( A W (2.25) 

V ^=ww iOTr>K 

V 1 ^ is the effective potential of the null-geodetical motion in the internal braneworld space- 
time and is the effective potential of the null-geodetical motion in the external, vacuum 
RN spacetime. Due to the bulk space tidal effects on the matching of the internal and ex- 
ternal spacetimes (see [7] for details) we obtain a non-standard variety of relations of the 
effective potentials in the ECS interior and exterior. 

Using the dimensionless radial coordinate expressed in terms of the gravitational radius 
(r/GAi — > r), and dimensionless tidal charge 6, we obtain the relations 



yint = [bY-2R(2b-3R)ZY 

V[b+{R-2)R][{R-b) + R{2b-m)Z] 2 ' ! ~"" 
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where 

Y = R 2 A(r) = ^r 2 (b-2R)+R*, (2.28) 
Z = RA(R) = ^Jb+{R-2)R. (2.29) 

Circular null geodesies, located at r c ^ and r c ( e ), respectively, are given by the local 
extrema of the effective potential (dV c s/dr = 0). In the internal spacetime we have to solve 
a nontrivial equation [25]: 

2rR 2 [b(Y - ARZ) + GR 2 Z] {-b 3 [r 2 (Y - ARZ) + 8R 2 Y] + b 2 R [r 2 (3Y - URZ) + R 2 x 
x (6R 2 Z - 9RY + 40Y)] + bR 2 [R 2 (-13R 2 Z + 25RY - 66Y) - 2r 2 (Y - 6RZ)j + 6R 5 x 

x (R 2 Z - 3RY + 6Y) }] [9 {b + (R - 2)R] Y {R(Y - 3RZ) -b(Y - 2RZ)} 3 ] = 0. 

(2.30) 

This equation can be solved by using numerical methods and determines the loci 
r c (i) (R, b) of the internal circular null geodesies that are stable and correspond to a local 
maximum of the internal effective potential (see [25] for details). The existence of the inter- 
nal stable circular null geodesies is allowed only for the surface radius R limited by values 
explicitly given by 

R * = \ ± vf-l 6 (2 - 31) 

that has to satisfy naturally also the condition R > R m i n (b). 

In the external spacetime, the photon circular geodesies and the related local extrema 
of the effective potential of the Reissner-Nordstrom (RN) type, with the tidal charge substi- 
tuting the electric charge squared appearing in the standard RN spacetimes, are given in the 
dimensionless units by the condition 

r 2 - 3r + 2b = 0. (2.32) 

For negative tidal charges (b < 0) external spacetimes of the black-hole type are allowed 
only [22]. The radii of the photon circular orbits are given by [31, 32] 



r P h± 



l±Wl--6 . (2.33) 



However, only the outer photon circular geodesic at r p h+ is physically relevant and we see 
immediately that for b < there is r p h > 3. 

For braneworld neutron stars with a positive tidal charge (b > 0) both black-hole and 
naked-singularity RN spacetimes are relevant [22]. In the black-hole type spacetimes (b < 
1), the photon circular orbits are given by the relation (2.33), but only the outer solution 
corresponding to an unstable orbit can be astrophysically relevant since the surface of the 
compact star has to be located above radius of the RN outer horizon. In the naked-singularity 
spacetimes {b > 1) two photon circular orbits can be astrophysically relevant when b < 9/8, 
the inner one being stable, the outer one — unstable. In the spacetimes with b > 9/8, 
no photon circular orbits can exist. Therefore, in the braneworld spacetimes, the existence 
of ECS is governed by the interplay of the behaviour of the internal and external effective 
potential of the motion and will be determined and classified in the following way. 
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Figure 2. The effective potential V e s of both internal (dashed lines) and external spacetimes (full 
lines) given for the black-hole type (b < 1) and naked-singularity (b > 1) type of the external space- 
time. All characteristic cases of its behaviour are presented for both ECS and non-extreme compact 
stars. 



When we take into account the (non-)existence of the local extrema of the inter- 
nal/external part of the effective potential V e s, we obtain the whole region of existence 
of ECS. The function (&) is determined by the relation 

Jr ph = I (3 + V9^86) for6<0, 
^ max -\R l+ = l + y/l-p for < b < 27/20, [ 6 ' 

while for -R^jf (fr) we have 

;)Ers ■ 1 1 1 j l i for b < 1, 

^min = <! „ _ 3 /9 5 & for 1 < 6 < 27 /20. ^ 




2 V 4 3 



The region of ECS in the parameter space is represented in Figure 1. 

Typical behaviour of the effective potential of the null-geodetical motion V e g is demon- 
strated in Figure 2 for appropriately chosen values of the tidal charge b. Here we express the 
radii in units of the gravitational radius r g = GM. The selection of the tidal charge values 
used in Figure 2 demonstrates the full classification of the behaviour of the effective poten- 
tial in both internal and external spacetimes. When the effective potential in the internal 
or external spacetime (or in both of them) has a local extreme corresponding to a photon 



- 8 - 



circular geodesic, trapped null geodesies can appear if the surface radius R is properly cho- 
sen giving an ECS. On the other hand, we find an ordinary compact star if the surface is 
chosen in such a way that no local extrema of the effective potentials exist (see Figure 2). 
Separation of the zones of compact stars of different character, both extremely compact and 
ordinary compact, in the parameter space (b — R), is determined by the functions Rmm(b), 
-Rmax(&) and r p h(6) where the last function governs radius of the photon circular geodesies 
in the external spacetime (both of them for 1 < b < 9/8). The subdivision of the Zone IV in 
the tidal charge range 1 < b < 9/8 is given by the relation of the magnitude of the effective 
potential at the surface of the ECS and the magnitude of the external effective potential at 
its local minimum, and is determined numerically. 

The parameter space R — b is divided into regions corresponding to the existence of four 
different zones of ECS. The classification is based on the existence of local maxima/minima 
of V^ cxt in the following way (see Figures 1 and 2): 

• Zone I there exist maximum of V 1 *^ and minimum of V^g, both located at r ^ R, 
mmV^g < Vtff(r = R), and there is no local maximum of at r > R; 

• Zone II there exist maximum of V 1 ^ at r = R and minimum of at r ^ R, 
minV^g 1 < maxV^g, and there is no local maximum of at r > R; 

• Zone III there exist maximum of V 1 ^ at r < R and minimum of V^g at r = R; there 
is no local maximum of at r > R; 

• Zone IV there exist both the local maximum and local minimum of V^a at r > R. 
The last zone can be divided into two parts according to the criterion [25] 

a) minimum of V c ^ < V 1 ^ (r = R), 

b) minimum of > Vfg (r = R). 

3 Redshift of radiation from the braneworld RN compact stars 

We can find interesting restrictions on the parameters of the braneworld compact stars consid- 
ering redshift of radiation; electromagnetic radiation emitted from the surface of the compact 
stars, and neutrino radiation emitted from the interior of cooling compact stars, assuming 
compact stars cooled down enough to allow the approximation of the geodesic motion of neu- 
trinos. Of course, we have to expect development of sophisticated observational techniques 
enabling measurement of the energy distribution in the case of neutrinos radiated by newly 
born neutron stars that cooled down sufficiently to allow for the neutrino free motion in the 
whole star interior. 

The geodetical motion of photons in the external vacuum spacetime is fully justified, 
contrary to the neutrino motion in the neutron star interior. The approximation of free 
motion of neutrinos in the internal spacetime is correct when the mean free path of neutrinos 
A > R. Neutrinos have inelastic scatter on electrons (muons) and elastic scatter on neutrons. 
The scatter cross section on electrons (neutrons) o~ e (cr n ) gives the mean free path in the form 
A = (o"jnj) _1 where n,i (i G {e, n}) denotes the number density of electrons (neutrons). It 
was shown [33] that 




(3.1) 
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0.0 0.2 0.4 0.6 0.8 1.0 



Figure 3. The dependence of 1 + z on the brane parameter b € { — 1, —0.5, 0, 0.5, 1) and r is demon- 
strated for several values of R. Curves for b = —1 are plotted thick. For R — > i? m i n the central 
redshifts diverge; this effect is amplified with b getting closer to 1, even so much, that there is no 
curve on the plot for case b — > 1, R — > R m i n (b — > 1). 



while 

A n ~ 300^£l ( l^X V km . (3 .2) 

There is A c > 10 km for E v < 20 MeV and A n > 10 km for E v < 500 keV. Therefore, in 
a few hours old neutron star, see [26, 33-35], at temperatures T < 10 9 K (E v ~ 100 keV), 
the neutrino motion could be considered geodetical through whole the internal spacetime. 
Of course, our results can be applied at any time of the neutrino radiation as they give the 
upper limit on the observed redshift of neutrinos. 

It is usual to make estimates on the redshift of radiation of the surface and interior 
of the compact stars using the simplest possibility of the purely radial motion of photons 
and neutrinos. The redshift factor related to the neutron star interior or surface is given 
(under the assumption of a static source and radially emitted photons and neutrinos) by the 
standard formula dr 2 = —gttdt 2 relating proper time of the source (r) and the observer (t) 
that implies 

v e 1 , 
— = -;= = l + z. 3.3 
v V~9tt 

In Figure 3 we give an illustration of the redshift profile in dependence on the tidal 
charge b and the surface radius R in the interval corresponding to the lower limit of the 
radius of extremely compact stars i? m in when the redshift diverges at the centre and some 
relatively large and astrophysically acceptable radius R = 4.2 representing relatively flat 
profile related to realistic compact stars. 

We first study in detail the redshift of photons radiated from the surface of the brane- 
world compact stars. 

3.1 Surface redshift 

The redshift factor related to the neutron star surface implies 

^ = (l + z)(r = R)= 1 (3.4) 

u o \J-gtt\r = R) 
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Figure 4. Surface redshifts of the compact stars given for typical values of the tidal charge — for 
negative (b < 0) and positive (b > 0) tidal charge spacetimes of the black-hole type and the b > 1 
case of naked-singularity type external spacetimc. 



The external geometry at the surface radius 

-g a (r = R)= 1 



R 



+ b 



rgN2 
R 



(3.5) 



Using the dimensionless units r g = 1 here and in the following, the surface redshift factor 
reads 



l + z 



1 



2 _b_ 



-1/2 



(3.6) 



where the condition R > i? m i n (6) must be satisfied. Behaviour of the surface redshift is 
illustrated in Figure 3, where the loci R = r p h are depicted by circles. The surface redshift 
is given in Figure 4 for negative and positive tidal charges with surface radius going down 
to R = i? m i n . For the surface located at the unstable photon circular orbit (R = r p h+) 
the redshift slightly decreases (increases) with descending b < (increasing b > 0). For 
R — > -Rmin(fr)) the surface redshift slightly decreases with decreasing b < 0, but it substantially 
increases with increasing b > and diverges for b — > 1. 

For positive tidal charges b > 1 corresponding to naked-singularity spacetimes the red- 
shift radial profile reaches a maximum at R = b where 



(1 + z) max (r = R = b) 



1' 



(3.7) 
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Figure 5. The dependence of surface redshift and central redshift on the brane parameter b £ 
(-1.2,27/20) for ECS. 



its position is depicted in Figure 4 by black points. For 6 < 9/8 we depict also the radius 
corresponding to photon circular orbits. 

It is important to determine the redshift of the braneworld neutron stars with surface 
located at the radii corresponding to the photon circular geodesies of the external spacetime 
- in the case of the standard internal Schwarzschild spacetimes with 6 = the case of 
limiting (maximally extended) extremely compact objects coincides with their surface being 
located at R = r p h = 3. Then we find the well known value of the surface redshift 



;i + z )( r = jR = rph+ ,6 = o) = l 



-1/2 



Vs. 



(3. 



On the other hand, in the braneworld case with 6 ^ we have to distinguish the black- 
hole type external spacetimes with one photon circular orbit, and the naked-singularity type 
spacetimes when two photon circular orbits exist — the internal one being stable, the external 
one being unstable. It is important to distinguish these cases because of the qualitatively 
different character of optical phenomena at the external field with strong influence on the 
accretion discs [36, 37] that could be astrophysically very important and could provide an 
independent evidence on the tidal charge presence. The surface redshift at R = r p h in the 
black-hole type spacetimes is given by the relation 



(l + z)(r = R = r ph ,b) 



2b 



46-3 + V9- 86' 



(3.9) 



This dependence is illustrated in Figure 4. In the naked-singularity-type spacetimes admit- 
ting existence of the photon circular orbits, i.e., for 1 < 6 < 9/8, the surface redshift is 
determined by 



(l + z)(r = R = r ph ±,b) = 2 



26 



46 ± V9^8b - 3 ' 



(3.10) 
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Figure 6. The figure illustrates the span of 1 + z for the interior of the star with R = ?' p h. 

and for both circular orbits is given in Figure 4. For 6 > 9/8 no photon circular orbits exist. 

For the limiting, minimally and maximally extended extremely compact braneworld 
spacetimes the value of surface redshift is varying in the range starting from (1 + z)mhf an d 
finishing at (1 + 20mal> determined by relations 



n 4- A ECS = J 0- + z){r = R = r ph+ , 6) for b < 0, 

i (l + z)(r = R = R I+ ,b) for < b < 27/20, 



(3.11) 



/ | , .,k» s _ I (1 + z)(r = R = R min ,b) = A(R min ) 1 for b < 1, . . 

1 ^ W i (l + z)(r = R = Ri-,b) for 1<6< 27/20, 1 ; 



where 



(1 + z)(r = R = Ri±,b) = 5 J y 2 . (3.13) 

V A ; Y 206 ± V81 - 606 - 9 V ; 

We give the dependencies of the surface redshift limiting values on the braneworld tidal 
charge parameter 6 in Figures 4 and 5. For special cases, when the compact star surface is 
located at the radii corresponding to photon circular orbits of the external spacetime, the 
dependence of surface redshift on tidal charge is illustrated in Figure 6. 

3.2 Redshift factor of neutrinos radiated at the interior of the star 

In principle, distribution of the internal redshift factor enables to estimate the internal struc- 
ture of the neutron star if the energy (and frequency shift) of outcoming neutrinos can be 
measured precisely enough. 

The redshift factor gives frequency shift of the neutrinos radiated by static sources 
inside the star. We assume radially emitted neutrinos — this implies some restrictions on 
the observations but we shall not consider here the effect of bending of null geodesies since it 
is not too relevant for the static sources in the compact star interior. Of course, in the case 
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of the source at the center of the star, only radially emitted neutrinos are, in fact, allowed, 
putting thus a natural restriction on the observed range of the redshift. 

The general redshift formula for static sources and purely radial emission reads 



1 + z 



-9tt(r)} 



-1/2 



[A-(r)] 



-i 



1 + p(r)/g 
A(i2) ' 



(3.14) 



We can see immediately that (1 + z) — > oo if p(r) —> oo. This occurs for all R —> R m m(b < 1). 
On the other hand, for fixed parameters R and 6, the behaviour of 1 + z is simply given by 
the behaviour of the pressure function p(r) that can be studied from its partial derivative 



dp(r) Iq _ rRZ(2b - 3R) (b - 2R) 2 
Or ~ 3Y [R(Y - 3RZ) - b(Y - 2RZ)] 



2 ' 



(3.15) 



Because r > and R > 26/3 for all considered braneworld compact stars (see Figure 1), there 
is dp(r)/dr < 0, and we can conclude that (l + z)(r, R, 6) is (for fixed R and 6) monotonously 
decreasing function of increasing r; therefore, the tidal effects does not change this standard 
and intuitively expected behaviour of the pressure (and redshift) profile. 

Using the internal metric coefficients expressed in terms of the external metric param- 
eters, we arrive at the redshift expressed in the form 



(l + z)(r,R,b) 



2A(R) (26 - 3R) - A(r)6 
3A(R) [A{R) (26 - 3R) + A(r) (R - 6)] ' 



(3.16) 



For a fixed 6 > 1 the function (l + z)(r = 0, R, 6) has a maximum occurring for a specific 
value of surface radius R. Its value can be found numerically by solving equation 



86 4 + b 3 R 

11 [-y / b + {R-2)R + R + Al) -2(2 v / 6 + (i?-2)i? + 51 



9R - 4 ( ^Jb + (R - 2)R + 12 ) + b 2 R 2 [9y/b + (R- 2)R - 33R + 106J +6.R 3 ; 

- 18(R - 2)i? 4 



0. 



(3.17) 



Solution is given in Figure 1 as the curve i?mlx~°- 

For the surface redshift at r = R, where p(R) = 0, we obtain the first limiting value of 
the redshift to be 



(l + z)(r = R,R,b) = A(R) 



-i 



4 +t 



-1/2 



(3.18) 



For the fixed R and 6, the second limiting value of the redshift is given by (1 + z)(r 
0, R, b) i.e., by its value at the center of the star. Since A(r = 0) = 1, we find 



(l + z)(r = 0,R, b) 



2A(R)(3R-2b) + b 



3A{R) [A(R)(3R - 26) + (6 - R)] ' 
In the standard internal Schwarzschild spacetime (6 = 0), the central redshift reads 

(l + z)(r = 0,R,b = 0) 



3^1 - 2/R- 1 
and for the maximally extended ECS there is 

(1 + z)(r = 0, R = 3, b = 0) = 1 + 



(3.19) 



(3.20) 



(3.21) 
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Figure 7. Plot of the redshifts 1 + z from the center of the star for several values of b. 



Because for given b, R the pressure function p(r) is monotonously decreasing function of 
increasing r, the values of redshifts are varying between those two limiting values. Behaviour 
of the central pressure is demonstrated in Figure 7. In the case of compact stars with external 
spacetime of the black-hole type (b < 1), the central redshift diverges for R — > R m i Q (b). On 
the other hand, in the case of external spacetime of the naked-singularity type (b > 1), 
the central pressure remains finite for R — > R m i n (b); in fact it reaches a maximum value 
for R > R m i Q (b). This special behaviour is also reflected by redshift profile given for fixed 
representative values of b in Figure 8. 

It is convenient to find the redshift formula for compact stars with some special values 
of the surface radius related to the existence of extremely compact stars (when special phe- 
nomenon of neutrino trapping inside the star is important [25] and the photon circular orbits 
that can be relevant for accretion and optical phenomena outside the compact star). 

The central redshifts when the surface radius R is located at the photon circular orbits 
of the naked-singularity spacetime (with b > 1) takes the form 



(l + z)(r = 0,R = r ph+ ,b) 



(_46 + ^9^86 + 3) (^V2^ 4b+V f^ + A 



24(1 - b) 



(3.22) 
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Figure 8. Contour plots of the redshift profiles (1 + z)(r/R, R, b) for selected representative values of 
b. The area where surface extend beyond the plotting range is colored white. Notice the qualitative 
different character of the redshift profiles for compact stars with b > 1. 
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4^2 (V2^ 4b ~ V f^ b - 86 - 4 v / 9=86 + 12^ 

[l + z){r = 0,# = r ph _,6) - 



(3.23) 

For the limiting, maximally (minimally) extended extremely compact braneworld space- 
times the value of the central and minimal (maximal) redshift is given by (1 + z)J^jf ((1 + 
z )mlx ) that are determined by 



(-, , 7 \ECS = f (1 + z)(r = 0,R = r ph+ ,b) for b < 0, , . 

1 ^ ;min \(l + z)(r = 0,JJ = 12i + ,6) for < b < 27/20, 1 ; 

where 

(^81-606+9)6 



->/6 (-46 + V81 - 606 + 9) 



^7-46+^1-606+9 



(1 + z)(r = 0, R = R l+ , b) = — v , (3.25) 

ah , /ai «n£ , n\ 9(-46+V81-606+9) ' 

_ 66 + V81-60b + 9)- V81 _ 60fe+9 



and by 



Krs i (l + z)(r = 0,i2 = i? min ,6)^oo for6<0, 
li + ^max 1 (i + ^)( r = o JJ R = i? I _,fe) for < b < 27/20, 1 ' 



where 



(V81-606-9) 



(l + *)(r = 0,i? = i?i_,6) = v (3.27) 

f (-66 - ^81 = 606 + 9) - 9 / (zy^g^r 

2 v V (V81-606-9) 

We give the central redshift limiting values in dependence on the braneworld parameter 
6 in Figure 5. The central redshift of compact stars with surface located at the photon circular 
orbits of the external spacetime is illustrated in dependence on the tidal charge in Figure 6. 
Notice that for compact stars with 6 G (1, 1.0749) the surface redshift from the compact star 
with R = r p h- overcomes the central redshift of the compact star with R = r p h+. 

4 Discussion 

4.1 The role of the tidal charge 

In order to obtain a theoretical tool for estimating possible presence of the tidal charge 
influence using observational data on the surface redshift of photons and internal redshift 
of neutrinos, it could be useful to compare the surface redshift (1 + z){r = R,R,b) to the 
central redshift (1 + z){r = 0, R, 6) and the internal redshift interval 

A Z (R, b) = (1 + z)(r = 0, R, 6) - (1 + z)(r = R, R, b) = P(r = ° p ^ ■ 

qA{R, 6) 
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Figure 9. The parameter a z relating the central and surface redshift given as a function of tidal 
charge b and surface of radius R. On the plot on the right the values of parameter b are given near 
the correspondig curves. 



We can introduce a characteristic quantity 

<*(*, t) S < 1 + t (r = W > = 1 + t " r = "- R ''". (4.2) 
V 7 (l + 2)(r = R,R,b) Q 

The plot of a z (R, b) is given in Figure 9. We see that in ECS with R -> R m i n {b < 1) 
the parameter a diverges while in compact stars with the naked-singularity type external 
spacetime the redshift remains finite for whole range of allowed surface radii. The plot of a z 
is given in Figure 9 also explicitly for R = r p h and R = R\. 

It is useful to relate the surface redshift and the redshift difference A z . In the standard 
Schwarzschild spacetimes (b = 0), the (l+z)(r = R, R,b = 0) and A Z (R, 6 = 0) are illustrated 
in Figure 10. We can see that for the maximal limit of ECS (R = r p h), there is 1 + z = v3 and 
A z = 1. For R > r p h increasing (1 + z)(r = R, R,b = 0) decreases slowly, but A z decreases 
fast to zero. On the other hand, for R — > R m i n = 9/4, the surface redshift slowly increases to 
(l + z)(r = R-> R m in) = 3, but A z fast diverges. There is (1 + z)(r = R, R, b) = A Z (R) for 
R = 8/3. For negative (positive) tidal charges both the surface redshift (1 + z)(r = R) and 
the difference A z (R,b) decrease (increases) with decreasing (increasing) b. Notice that for 
b G (1, 1.10254) there are two common points of (l + z)(r = R) and A z , while for b > 1.10254 
there are no common points. 

4.2 Determination of the compact star parameters 

From the knowledge of values A z and (1 + z)(r = R,R,b) (both of them are in principle 
observable measurable) we can determine the radius of the star R and braneworld parameter 
b via relations ((1 + z)r = (1 + z)(r = R,R,b)) 

Tj> = (l + z)l[3A z + (l + z) R ] 

' [(l + z) R + l]{3A z [(l + z) R -2} + 2[(l + z) R -l}(l + z) R y { ' J 



and 



b = 3(1 + zf R [3A 2 + (1 + z) R ] {A z [(1 + z) R - 3] + [(1 + z) R - 1] (1 + z) R } 
[(1 + z) R + 1] {3A 2 [(1 + z) R - 2] + 2 [(1 + z)r - 1] (1 + z) R } 2 
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Figure 10. Plot of the surface redshifts 1 + z and the difference of central and surface redshift A z 
for b= -1.2,0,1.08,1.2. 



The results obtained by this procedure can be confronted with relations derived above for 
limiting extremely compact stars and the compact star with surface coinciding with the 
photon circular orbits of the external spacetime. Determination of the parameters R and b 
from the observationally determined quantities A z and (l+z)(r = R,R, b) can be represented 
by nomograms. We illustrate the nomogram in Figure 11 where the region of ECS is explicitly 
depicted and we can immediately find if the observed compact star could belong to the ECS, 
or could allow for an unusual character of accretion phenomena in vicinity of compact stars 
having their surface located under the photon circular orbits of the external spacetime. 



5 Conclusions 



In our study we have focused our attention on the simple model of the braneworld neutron 
(quark) stars and we have studied the surface (photon) redshift and the internal (neutrino) 
redshift under assumption of zero neutrino rest energy and the motion along null geodesies. 
We postpone to future investigations the realistic case of non-zero neutrino rest energy and 
the role of neutrino flavour mixing along the trajectory to the observers [38-40]. (In any 
case it is reasonable to neglect the effect of neutrino flavour missing on the short distances 
inside the compact stars.) We believe that our results will keep relevance even in such more 
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Figure 11. Plot for graphical determination of parameters R and b from values A z and (1 + z)(r = 
R, R, b). Area of ECS is denoted by dark gray colour. 

complex realistic situations. Of special interest could be a study of the redshift phenomena 
related to the full 5D uniform energy density stars numerically constructed in [17]. 

We can conclude that our results indicate at least a principal possibility to find the 
compact star parameters (both surface radius and the tidal charge) from measurements of 
photon surface redshift and the range of internal redshift of neutrinos. From the observational 
data we are able to decide if the observed braneworld compact star is an extremely compact 
star allowing for gravitational trapping of some part of radiated neutrinos. Of course, the 
results giving the compact stars parameters from internal phenomena have to be further 
confronted to the observational phenomena related to accretion discs orbiting the compact 
stars where the tidal charge can yield some other specific signatures related to optical effects 
of accretion discs. 
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